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Abstract
The Pontryagin–van Kampen (P–vK) duality, defined for topological Abelian groups, is given in
terms of the compact-open topology. Polar reflexive spaces, introduced by Köthe, are those locally
convex spaces satisfying duality when the dual space is equipped with the precompact-open topology.
It is known that the additive groups of polar reflexive spaces satisfy P–vK duality. In this note we
consider the duality of topological Abelian groups when the topology of the dual is the precompact-
open topology. We characterize the precompact reflexive groups, i.e., topological groups satisfying
the group duality defined in terms of the precompact-open topology. As a consequence, we obtain a
new characterization of polar reflexive spaces. We also present an example of a space which satisfies
P–vK duality and is not polar reflexive. Some of our results respond to questions appearing in the
literature.
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If (G, t) is an Abelian topological group, with underlying group G and topology t ,
a character of G is a t-continuous group homomorphism from G into the unit circle T, the
latter equipped with the usual product as composition law and with the topology inherited
from the usual complex plane. Thus Gˆ, the character group of G, is defined by
Gˆ := {h :G → T | h is a character},
with group operation defined pointwise:
(h1h2)(x) := h1(x)h2(x) ∀x ∈ G.
The topology on Gˆ of uniform convergence on the compact sets (denoted by τc and also
known as the compact-open topology) is the topology whose basic open sets are of the
form
(K,O) := {h ∈ Gˆ: h[K] ⊂ O},
where K ⊂ G is compact and O ⊂ T is open. If K instead is precompact, then we obtain
the topology τpc of uniform convergence on the precompact sets (or the precompact-open
topology). It follows that both (Gˆ, τc) and (Gˆ, τpc) are Abelian topological groups.
We say that G satisfies P–vK duality if the evaluation map
Ω :G → ( ̂(Gˆ, τc), τc
)
,
defined by
Ω(g)(h) := h(g) ∀g ∈ G,
is a surjective topological isomorphism. The celebrated theorem of Pontryagin–van Kam-
pen states that every locally compact Abelian group satisfies P–vK duality. If G satisfies
P–vK duality, we say that G is P–vK-reflexive. The class just defined contains also some
nonlocally compact groups since it is closed under arbitrary products, as proved by Ka-
plan [17].
A topological vector space equipped with the sum as operation is a priori an Abelian
topological group. As such, it is natural to ask whether it is P–vK-reflexive. The first at-
tempt in doing so was done by Smith [25] who proved that real Banach spaces and real
reflexive locally convex spaces are P–vK-reflexive. Some other authors have made con-
tributions to Smith’s program (e.g., Akbarov [1] and [2], Brauner [6], Brudovskiı˘ [7],
Garibay et al. [10], Hernández et al. [14] and [12], Köthe [18, §23 9], Kye [19] and [20],
and Waterhouse [26]). The problem of characterizing those locally convex spaces which
as topological groups are P–vK-reflexive was independently solved in [10] and [12], fol-
lowing the trend started in [27] and [19]. In [10] several questions were left open. In this
note we answer these questions, modifying an example described in [12] related to [27]
and [19].
It is often preferable to modify the topology on the dual object. For example, Köthe
[18, §23 9] considers the so-called polar reflexive spaces (Akbarov [1] calls them stereo-
type spaces), i.e., the locally convex spaces which are topologically isomorphic to their
bidual when all the duals involved are equipped with the precompact-open topology. When
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spaces and locally convex spaces which as groups are P–vK-reflexive are the same. One
of the main examples in this note is to show that there are locally convex spaces which as
groups are P–vK-reflexive but not polar reflexive; see Question 5 in Section 4 below. That
polar reflexive spaces are P–vK-reflexive as groups follows from [10]. A characterization
of polar reflexive spaces, similar to the one in [18, §23 9], is given by Kye in [20, Theo-
rem 3.1], which depends on a previous description of P–vK-reflexive locally convex spaces
(cf. [19, Theorem 3.2]). Unfortunately, the latter result is wrong (see [12, Example 5]) and,
as a consequence, the proof given in [20] is incomplete. A new characterization of polar
reflexive spaces is given in this article. Moreover, it follows from our results that Kye’s
characterization of polar reflexive spaces is ultimately correct.
To do the above, we focus instead on those topological groups G such that the map
ε :G → ( ̂(Gˆ, τpc), τpc
)
,
defined by
ε(g)(h) := h(g) ∀g ∈ G,
is a surjective topological group isomorphism. We call these groups precompact reflex-
ive. The problem of characterizing these groups was called to our attention by Professor
S.S. Akbarov. As we will mention later on in more detail, there are difficulties in translat-
ing results that hold for locally convex spaces to topological groups, and vice versa, mostly
because of the lack of a result like the Hahn–Banach theorem for groups and because few
groups are divisible. We however have been able to circumvent difficulties of this kind
somewhat.
We have been told by Professor S.S. Akbarov that he and E.T. Shavgulidze have also
answered all the questions left open in [10] in their report [3]. We also acknowledge corre-
spondence with M.J. Chasco regarding Section 3.
2. Notation and preliminaries
We consider only topologies that are Hausdorff and completely regular. We try to follow
the notation of the treatise [18], regarding locally convex spaces: E denotes a linear space
over the real numbers R, and t denotes a Hausdorff topology on E such that E[t] is a
locally convex vector space. E′ denotes the (real) vector space of all continuous linear
functions from E[t] to R. The symbol σ denotes the weak topologies on E and E′. The
symbol τc (τpc) denotes the locally convex topology on E′ with zero neighborhoods given
by the polars of the t-compact (t-precompact) subsets of E: If K ⊂ E, its polar K0 is
defined as {f ∈ E′: |f (x)| 1 ∀x ∈ K}.
The symbol (G, t) denotes the Abelian group G, equipped with the topological group
topology t . Thus if E[t] denotes a locally convex space, then (E, t) denotes the topological
group obtained by considering E as a group under the sum operation.
As we mentioned above, the extension of the theory of locally convex spaces to topo-
logical Abelian groups presents difficulties; the main obstruction being the lack of a
variant of the Hahn–Banach theorem for Abelian groups. It follows, however, that many
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logical Abelian groups if the role of R in functionals is played by the unit circle T,
i.e., the range of characters. To simplify matters, T will be identified with the interval
[−1/2,1/2) equipped with the canonical quotient topology of R/Z. Thus, given a topo-
logical Abelian group (G, t) with dual X := (̂G, t), for any subset A of G, we define
A0 := {χ ∈ X: |χ(g)|  1/4 ∀g ∈ A}. Assuming that we are considering the dual pair
(G,X), for any subset L of X, we define L0 := {g ∈ G: |χ(g)|  1/4 ∀χ ∈ L}. This set
operator behaves in many aspects like the polar operator in vector spaces. For instance, it
is easily checked that A000 = A0 for any A ⊂ G. Given an arbitrary subset A in G, we
define the quasi-convex hull of A, denoted co(A), as the set A00. A set A is said to be
quasi-convex when it coincides with its quasi-convex hull. These definitions also apply to
subsets L of X. The topological group (G, t) is said to be locally quasi-convex when there
is a neighborhood base of the identity consisting of quasi-convex sets. Considering the dual
pair (G,X) again, the symbols τc, τpc and σ denote the topologies of the uniform conver-
gence on compact, precompact and finite sets, respectively. As in the locally convex space
case, it is readily verified that σ is the weakest locally quasi-convex topology on G whose
dual group is X. Notice that (G,σ) is always a precompact group, i.e., its completion is a
compact group.
Now consider the space E[t] as the group (E, t). It is a theorem of Smith [25] that E′
can be identified, as a group, with the dual group X of (E, t), through the map f → π ◦ f
where π :R → R/Z is the natural projection. Waterhouse has shown that (E′, τc) and
(X, τc) are topologically isomorphic groups (his proof yields the same between (E′, τpc)
and (X, τpc)) [26, Theorem 2]. Since (E′, σ ) is obtained from E′[σ ] and (X,σ) is pre-
compact (as a topological subgroup of TE ), it follows that (E′, σ ) and (X,σ) are never
topologically isomorphic. Therefore we must be careful whether we are using σ on E′ or
in X.
It is proven in [12] (see also [4, (6.10)]) that if (G, t) denotes a locally quasi-convex
group with X = (̂G, t), the evaluation map Ω : (G, t) → ((̂X, τ ), τ ) is always open onto
its image, where τ ∈ {τc, τpc}. Thus to prove that (G, t) is P–vK-reflexive, it is enough to
prove that Ω is onto (D1) and continuous (D2):
(D1) (̂X, τc) = G, and
(D2) a basis of t-neighborhoods of 0 is given by the polars of all τc-compact subsets of X.
When considering precompact reflexivity, one must check that the evaluation map ε :G→
( ̂(X, τpc), τpc) must satisfy:
(PD1) ̂(X, τpc) = G, and
(PD2) a basis of t-neighborhoods of 0 is given by the polars of all τpc-precompact subsets
of X.
Properties (D1), (D2) and (PD2) were introduced as such in [10]. Properties (D1) and
(PD1) are often called semireflexivity and polar semireflexivity, respectively, and the latter
was introduced by Köthe [18, §23 9] for locally convex spaces, where he shows that this
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barov [2] calls spaces satisfying this property pseudocomplete; see also the paragraph right
before Proposition 2 below).
For any group (respectively space) topology t on a group G (respectively space E),
we say that W ⊂ G is a k-neighborhood of 0 if for any t-compact subset K ⊂ G (respec-
tively E) containing 0, there exists a neighborhood U of 0 such that U ∩K ⊂ W ∩K . We
call a closed absorbent absolutely convex subset of a locally convex space E[t] a t-barrel.
When (G, t) (respectively E[t]) is a locally quasi-convex group (respectively locally con-
vex space), we say that (G, t) (respectively E[t]) is a kγ -group (respectively a kσ -space)
if any quasi-convex set (respectively t-barrel) that is a k-neighborhood of zero is also a
t-neighborhood of zero. This term was introduced in [10] for linear spaces, where it is
stated without proof that it is equivalent to the (L1) property introduced in [19]. We give a
proof of this nontrivial fact after Proposition 1. Given that E[t] can be viewed as a topo-
logical group, we should be careful in differentiating whether E[t] is a kσ -space or (E, t)
is a kγ -group. Because a t-barrel of E[t] is a quasi-convex subset of (E, t) [9, (1.11)], it
follows that if (E, t) is a kγ -group, then E[t] is a kσ -space. Corollary 1 below shows that
the converse holds.
We will say that the group (G, t) (respectively space E[t]) satisfies the convex com-
pactness (CC) property if the quasi-convex hull (respectively absolutely convex hull) of
any t-compact subset of G (respectively E) is (weakly) compact. This property was in-
troduced by Ostling and Wilansky in [24] for locally convex spaces. In the situation when
dealing with a space, there is no ambiguity if we say that the group or space has the (CC)
property since the two concepts are the same [8, 6.3.1]. The properties of semireflexivity
and (CC) coincide for locally convex vector spaces (see [10] and [12]). However they are
not the same property in the class of topological Abelian groups (see [4] and [8]).
Question 2 of [10] asked whether the locally convex spaces that are P–vK-reflexive are
precisely those which are kγ -groups and satisfy the (CC) property, as asserted in [19]. That
they are not is shown in Example 5 of [12].
In the next three sections we study the relationship between precompact reflexivity and
Pontryagin duality. In Section 3 we clarify the situation that appears when one considers the
k-extension of a group topology; this is done in Example 2 and Proposition 1. In Section 4
we then proceed to prove our main result, Theorem 1, which is the characterization of
precompact reflexive groups. In Section 5 we apply our results to study the polar reflexive
spaces. Finally, in Section 6 we answer the questions left open in [10].
In the sequel X is the dual group of the locally quasi-convex group (G, t).
3. kγ -groups vs. kσ -spaces
We start with two preliminary lemmas whose proofs are included for the reader’s sake.
Lemma 1. If (G, t) satisfies (D2) then (X, τc) satisfies the (CC) property.
Proof. Assume that (G, t) satisfies (D2) and let K be a compact subset of (X, τc). Then K0
is neighborhood of zero in (G, t). Hence, by [23], K00 is a compact subset of (X, τc). 
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of all quasi-convex σ -compact subsets of X.
Lemma 2. Let (G, t) be a Mackey group. If (X, τc) satisfies the (CC) property, then (G, t)
satisfies (D2).
Proof. For each compact subset K of (X, τc), we have that K00 is a compact quasi-convex
subset. Thus K0 = K000 is a neighborhood of zero in the Mackey topology and, therefore,
in (G, t). 
Example 1. If we take E[t] to be the space 1 equipped with the weak topology σ(1, ∞),
then (E′, τc) satisfies the (CC) property but (E, t) does not satisfy (D2). For, E[t] and 1
have the same compact sets [18, §22.4(3)], hence E′[τc] = (1)′[τc], and since 1 is P–vK
reflexive [25] and it is different than E[t], the result follows. Thus the requirement of being
Mackey cannot be dropped from the statement of Lemma 2.
We now proceed to deal with some subtle properties of the k-extension topology of
a topological group (G, t). Our aim is to clarify a question that has given rise to wrong
results in the study of the duality theory of topological groups. If (Z, t) is a topological
space, we denote by k(t) the k-extension of t , i.e., the largest topology on Z coinciding on
compact subsets with t . Now assume that (G, t) is a topological group, x ∈ G and U is a
k-neighborhood of x in (G, t), i.e., a subset of G such that U ∩ K is a neighborhood of
x relative to K for all compact subsets K of (G, t) containing x . Does it follow that U is
a neighborhood of x in (G, k(t))? As proven below, the answer is in general negative, but
fortunately when U is a quasi-convex set the answer is positive. We prove this below as
Proposition 1 and use it in Section 6 to answer the questions of [10].
Next follows an example, communicated to us by Professor H. Glöckner [11], of a
locally convex space E[t] containing a subset U such that U ∩ K is a neighborhood of
x ∈ U relative to K for all compact subsets K of E[t], yet U is not a neighborhood of x in
E[k(t)]. This example is presented here to clarify the situation in the general case.
Example 2. We consider the space R(N) =: R∞ of finite sequences, equipped with the
finest locally convex topology. Identifying (r1, . . . , rn) ∈ Rn with (r1, . . . , rn,0,0, . . .), it
is well known that R(∞) = lim−→n∈NR
n in the category of topological spaces, entailing that
R∞ is a k-space. It is also well known that the above topology on R∞ is the box-topology;
i.e., the sets
Box(a) := R∞ ∩
∏
n∈N
(−an, an)
form a basis of open zero-neighborhoods for R∞ when a := (an)n∈N runs through the
positive sequences of R. Now consider the set
U :=
⋃
n∈N
(−2−n,2−n)n,
where each n-dimensional cube involved is considered as a subset of R∞ using the above
embedding Rn ↪→ R∞.
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Rn ∩U =
n⋃
j=1
(−2−j ,2−j )j ,
then
K ∩ U = K ∩
n⋃
j=1
(−2−j ,2−j )j ⊃ K ∩ (−2−n,2−n)n
is a 0-neighborhood relative to K if 0 ∈ K , but not necessarily open in K (as the choice
K = [−1,1]2 ⊂ R2 ⊂ R∞ shows; then K ∩ U = (− 12 , 12 ) × {0} ∪ (− 14 , 14 )2). Still, U is
not a 0-neighborhood in R∞ as it does not contain any box neighborhood of 0. Indeed,
let a := (an)n∈N be any sequence of positive real numbers. If Box(a) ⊂ U , then, for each
n ∈ N, we have vn := ( a12 , . . . , an2 ,0,0, . . .) ∈ Box(a) ⊂ U and thus
vn ∈ Rn ∩U =
n⋃
j=1
(−2−j ,2−j )j .
As the nth coordinate of vn is nonzero, by the preceding formula we must have vn ∈
(−2−n,2−n)n, entailing that aj2  2−n for all j = 1, . . . , n. Increasing n, we deduce that
aj = 0 for all j , which is absurd.
We now proceed to show Proposition 1. Any quasi-convex k-neighborhood of a point
x in (G, t) is a neighborhood of x in (G, k(t)). The proof is split in several lemmas. Let
(G, t) be a topological group with dual group X. If n ∈ N, for any subset B ⊂ X we define
B0n := {g ∈ G: |χ(g)|  1/4n ∀χ ∈ B}. It is readily seen that 2B02n ⊂ B0n for all n ∈ N
(here nB := B + · · · +B , n-many times).
Lemma 3. Let B be a subset of X such that B0 is a k-neighborhood of 0G in (G, t). Then,
for every n ∈ N and for each compact subset K in (G, t) containing the identity element
0G, the set B0n ∩ K is a neighborhood of 0G relative to K .
Proof. Let K be a compact subset of (G, t) containing the identity element 0G. Since
jK is compact for 1 j  n, we can find a neighborhood U of 0G such that U ∩ jK ⊂
B0 ∩ jK , 1  j  n. Let V be another neighborhood of 0G with jV ⊂ U for 1 j  n.
Now take g ∈ V ∩ K . We have that jg ∈ (jV ∩ jK) ⊂ (U ∩ jK) ⊂ (B0 ∩ jK). Hence,
|b(jg)| 1/4 for all b ∈ B , 1  j  n. Applying [5, Lemma 1.2], it follows that b(g) =
(1/n)b(ng) for all b ∈ B . This yields |b(g)| = (1/n)|b(ng)| 1/4n, for all b ∈ B . Hence,
we have proved that g ∈ B0n ∩ K and, therefore, V ∩ K ⊂ B0n ∩ K . This completes the
proof. 
Lemma 4. Let B be a subset of X such that B0 is a k-neighborhood of 0G in (G, t).
Then, for every n ∈ N and for each compact subset K in (G, t) containing g ∈ G, the set
(g +B0n)∩ K is a neighborhood of g relative to K .
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onto K . Hence it suffices to apply Lemma 3. 
Proposition 1. Let B be a subset of X such that B0 is a k-neighborhood of 0G in (G, t).
Then B0 is a neighborhood of 0G in (G, k(t)).
Proof. Define V := {g ∈ B0: there is n ∈ N such that g+B0n ⊂ B0}. It is clear that V = ∅
since 0G ∈ V . Therefore, in order to prove the proposition, it is enough to prove that V is
open in (G, k(t)). Let K be any compact subset of (G, t) and take g ∈ V ∩ K . There is
n ∈ N such that g+B0n ⊂ B0. Then, for all h ∈ g+B02n we have that h+B02n ⊂ g+2B02n ⊂
g +B0n ⊂ B0. Thus, (g +B02n)∩K ⊂ B0 ∩K . This proves that, for all g ∈ V , B0 ∩K is a
neighborhood of g relative to K for all K containing g, i.e., V is open in (G, k(t)). 
In Corollary 1 below we prove that a locally convex space E[t] is a kσ -space if and only
if (E, t) is a kγ -group. Notice, for the time being, that a simplification of the above proof
yields that every t-barrel that is a kσ -neighborhood of 0 must be a neighborhood of 0 in
E[k(t)]. Therefore, properties (L1) introduced in [19] and in [10] are equivalent, as stated
in [10].
Our next result extends the characterization given in [10, Lemma 4.6] for locally convex
spaces to topological Abelian groups. From here on, we denote by Cc(K,C) the space
of all complex-valued continuous functions on a topological space K equipped with the
compact-open topology.
Lemma 5. Let F be a quasi-convex subset of a locally quasi-convex group (G, t). Then F
is a k-neighborhood of 0G if and only if F 0 is precompact in (X, τc).
Proof. Sufficiency. Observe that, for any compact subset K of (G, t), the topologies t and
σ coincide. Assume now that K contains 0G. We have that F 0 is a precompact subset of
Cc(K,C) and, since K is compact, Ascoli’s theorem yields the equicontinuity of F 0 on K .
Thus F ∩K is a neighborhood of 0G relative to K .
Necessity. Let us suppose that F is a quasi-convex k-neighborhood of 0G. Denote by bX
the completion of the group (X,σ). Since (X,σ) is totally bounded, it follows that bX is a
compact group (see the paragraph before Theorem 1 below) that can be identified with the
group of all the homomorphisms from G to T. The polar of F on the group bX, say FbX ,
is compact and F 0 ⊂ FbX . Hence, since bX is equipped with the pointwise convergence
topology on G, it suffices to show that τc and σ coincide on F 0. Since obviously σ ⊆ τc, we
only show σ|F 0 ⊇ τc|F 0 . Pick an arbitrary element κ ∈ F 0 and let W be a τc-neighborhood
of κ in F 0. Then there is a compact subset K of (G, t) such that (κ + K0) ∩ F 0 ⊂ W .
Since F is a quasi-convex set, F = F 00. If B := F 0, then F = B0. We now take
B03 := {g ∈ G: |χ(g)|  1/12 ∀χ ∈ B00}. By Lemma 4, we know that for every g ∈ K ,
(g + B03 ) ∩ K is a neighborhood of g relative to K . Hence, there exists {gi}ni=1 ⊂ K such
that K ⊂ {gi}ni=1 + B03 . Define the set V := {χ ∈ X: |χ(gi) − κ(gi)| 1/12, 1 i  n}.
Clearly κ ∈ V ∈ σ . We claim that V ∩ F 0 ⊂ (κ + K0) ∩ F 0. Indeed, take an arbitrary
element χ0 ∈ V ∩ F 0. For each g ∈ K there is h ∈ B0 such that g = gi + h for some3
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have |χ0(g) − κ(g)| |χ0(gi) − κ(gi)| + |χ0(h)| + |κ(h)| 1/4. Thus χ0 − κ ∈ K0 and
this completes the proof. 
We call a topological group (G, t) von Neumann complete (see [22]) if every precom-
pact subset of (G, t) is relatively compact. We have the following characterization.
Proposition 2. A locally quasi-convex group (G, t) with dual group X is a kγ -group if and
only if (G, t) satisfies (D2) and (X, τc) is von Neumann complete.
Proof. Sufficiency. Let W be a quasi-convex k-neighborhood of 0G. By the above lemma,
W 0 is precompact in (X, τc). By hypothesis, (X, τc) is von Neumann complete, therefore
W 0 must be compact. Since (G, t) satisfies (D2), it follows that W = W 00 is a neighbor-
hood of 0G in (G, t).
Necessity. Assume that (G, t) is a kγ -group and let K be an arbitrary compact subset of
(X, τc). Applying Ascoli’s theorem, we know that, for any compact subset C of (G, t), the
restrictions of the elements of K to C form an equicontinuous subset of C(C,C). Hence, if
C contains 0G, we have that K0 ∩C is a neighborhood of 0G relative to C. Since (G, t) is
a kγ -group, we deduce that K0 is a neighborhood of 0G in (G, t) which yields that (G, t)
satisfies (D2). Let P be a precompact subset of (X, τc). For each compact subset C of
(G, t) Ascoli’s theorem yields the equicontinuity of the set formed by the restrictions of
the elements of P as a subset of C(C,C). Thus, if C contains 0G, this yields that P 0 ∩ C
is a neighborhood of 0G relative C. Thus P 0 is a k-neighborhood of 0G. Since (G, t) is
a kγ -group, we obtain that P 0 is a neighborhood of 0G in (G, t). By [12, Theorem 2.1]
P 00 is an equicontinuous subset of (X, τc) which is compact in the pointwise convergence
topology. Again Ascoli’s theorem implies that P 00 is compact in (X, τc). Hence P ⊂ P 00
is a relatively compact subset of (X, τc). 
As mentioned before, a locally convex space E[t] such that its evaluation map
Υ :E[t] → (E′[τpc])′ is onto is called polar semi-reflexive. Köthe [18, §23 9(1)] proves
that this condition is equivalent to (E, t) being von Neumann complete. A simplification
of the proof above yields the following
Corollary 1. If E[t] is a locally convex space with dual space E′ and dual group X, then
the following statements are equivalent:
(1) (E, t) is a kγ -group,
(2) E[t] is a kσ -space,
(3) (E, t) satisfies (D2) and E′[τc] is polar semi-reflexive,
(4) (E, t) satisfies (D2) and (X, τc) is von Neumann complete.
Example 3 (Refer to Example 1). If we take E[t] to be the space 1 equipped with the weak
topology σ(1, ∞) again, then E′[τc] is polar semi-reflexive but E[t] is not a kσ -space
(consider the unit ball). Thus the polar semi-reflexivity of E′[τc] is not enough to obtain
that E[t] is a kσ -space.
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Polar reflexivity has been characterized by Köthe in [18, §23 9] and Kye [20], the lat-
ter with an incomplete proof. In this section we present a characterization of precompact
reflexive groups that includes the property of being a kγ -group, and which can be easily
imitated for locally convex spaces (see the next section). To do this we need the following
definitions taken from [12].
Given a locally quasi-convex group (G, t) with dual group X, we can equip G with the
coarser precompact topology σ(G,X). Observe that, since quasi-convex neighborhoods of
the identity in (G, t) separate it from any other element in G, we have that (G,σ(G,X)) is
a Hausdorff topological group. We denote by b(G, t) the completion of (G,σ(G,X)). The
group b(G, t), called the Bohr compactification of (G, t), is always compact. Let E be the
set of all t-equicontinuous subsets of X, and denote by G˜ the collection of all homomor-
phisms from X to T whose restrictions to each E ∈ E are σ(X,G)-continuous. It is clear
that G˜ is a group containing G as a subgroup. Equip G˜ with the topology t˜ whose neighbor-
hood base of the identity consists of sets of the form Eg = {x ∈ G˜: |x(χ)| 1/4, χ ∈ E}
with E ∈ E . It follows that t˜ is a group topology on G˜ that is locally quasi-convex. The
fact that every such E ∈ E is equicontinuous implies finally that t˜|G = t . We say that
(G˜, t˜) is the g-extension of (G, t). Lemma 3.2.3 of [21] shows that (G˜, t˜ ) is a complete
group; thus, denoting by (G, t) the completion of (G, t), Ascoli’s theorem implies that
(G, t) ∪ ̂(X, τpc) ⊂ G˜ (see [21, 3.2.4] and [13]). If G˜ coincides with (G, t), we say that
(G, t) is a g-group. For a complete g-group, the groups G˜, ̂(X, τpc) and (G, t) are canon-
ically isomorphic. The class of g-groups contains LCA groups, additive groups of locally
convex vector spaces and nuclear groups among others (nuclear groups are g-groups as a
consequence of a result due to Außenhofer, which asserts that any nuclear group can be
embedded into a product of metrizable nuclear groups, see [4] and [21]).
If A is a subset of G, we denote by cog(A) the quasi-convex hull of A with respect to the
dual pair g := (G˜,X), i.e., cog(A) := {g ∈ G˜: |χ(g)|  1/4 ∀g ∈ A0}. In the same way,
cob(A) denotes the quasi-convex hull of A with respect to the dual pair b := (b(G, t),X).
Notice that co(A) := A00 ⊆ cog(A) ⊆ cob(A). The main result of this article follows.
Theorem 1. Let (G, t) be a locally quasi-convex group with dual group X. Then (G, t) is
precompact reflexive if and only if the following conditions hold:
(1) (G, t) is a kγ -group, and
(2) for every precompact subset P of (G, t) we have co(P ) = cog(P ).
Proof. Necessity. Let P be a precompact subset of (G, t). Then P 0 is a neighborhood of
0X in (X, τc). By [12, Theorem 2.1], it follows that co(P ) ⊂ cog(P ) ⊂ cob(P ) ⊂ co(P ),
which proves (2). On the other hand, we have also proved that (G, t) is von Neumann
complete and this yields (X, τc) = (X, τpc). Applying Lemma 5, for each quasi-convex
k-neighborhood W of 0G, we have that W 0 is precompact in (X, τc) = (X, τpc). Since
(G, t) is precompact reflexive, W = W 00 is a neighborhood of 0G in (G, t), and this
proves (1).
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hence (X, τc) = (X, τpc). Therefore, since (G, t) is locally quasi-convex, the canonical
evaluation map ε from (G, t) into ( ̂(X, τpc), τpc) is open onto its image and one-to-one
([4, 6.10] or [12]). Hence, only the continuity and surjectivity of ε need to be proved. We
first prove the latter. Since (G, t) is a kγ -group, Proposition 2 yields that (X, τc) is von
Neumann complete. Now assume that x belongs to ̂(X, τpc). It is clear that x must belong
to G˜. Moreover, the continuity of x on (X, τc) yields that {x}0 is a neighborhood of 0X in
(X, τc). Hence there is a compact subset K of (G, t) such that K0 ⊂ {x}0. Applying (2), we
obtain cog(x) ⊂ cog(K) = co(K) ⊂ G. Therefore, x ∈ G and this proves the surjectivity
of ε.
In order to prove the continuity of ε, it suffices to prove that, for each precompact subset
P of (X, τc), the set P 0 is a neighborhood of 0G in (G, t). It is easily verified that when
P is a precompact subset of (X, τc), so is its quasi-convex hull P 00 [4, 7.12]. Thus, there
is no loss of generality in assuming that P is quasi-convex, hence Lemma 5 yields that
P 0 is a k-neighborhood of 0G, and by (1) it follows that P 0 is a neighborhood of 0G in
(G, t). 
Remark. In [4, 11.15], Außenhofer gives an example of a group that is completely metriz-
able but not Pontryagin reflexive. Applying Proposition 2, this group is a kγ -group and von
Neumann complete but not precompact reflexive. Thus, for arbitrary locally quasi-convex
groups, the requirement (2) in Theorem 1 cannot be replaced by “(G, t) is von Neumann
complete.”
5. Characterization of precompact duality for spaces
Even though the results in this paper are given for locally quasi-convex groups, they
also hold for locally convex spaces with the same proofs replacing quasi-convex sets by
t-barrels (or absolutely convex sets). In fact, in the latter case, the Hahn–Banach theorem
replaces (2) of Theorem 1 by the simpler condition (2′): (E, t) is von Neumann complete
(or E[t] polar semi-reflexive).
Theorem 2. Let E[t] be a locally convex space. Then E[t] is polar reflexive if and only if
the following conditions hold:
(1) E[t] is a kσ -space,
(2′) (E, t) is von Neumann complete (or E[t] is polar semi-reflexive).
We will say that a barrel B of a locally convex space E[t] is a p-barrel if given any
precompact subset A of E[t] containing 0, A ∩ B is a neighborhood of 0 in A. If every
p-barrel is a t-neighborhood of 0, then E[t] is called p-determined. Brauner [6, (0.5(a))]
shows
Theorem 3. For any locally convex space E[t], the space E[t] is polar reflexive if and only
if E[t] is polar semi-reflexive and p-determined.
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of E[t], there is a finite F ⊂ E such that A ⊂ F + B . E[t] is pseudosaturated if each
capacious barrel is a t-neighborhood of 0. Akbarov [2] has proven
Theorem 4. If E[t] is a locally convex space, then the evaluation map Υ :E[t] →
(E′[τpc])′[τpc] is continuous if and only if E[t] is pseudosaturated. Hence E[t] is polar
reflexive if and only if E[t] is polar semi-reflexive and pseudosaturated.
Corollary 2. For any locally convex space E[t], the following statements are equivalent:
(1) E[t] is polar reflexive,
(2) E[t] is polar semi-reflexive and a kσ -space,
(3) E[t] is polar semi-reflexive and p-determined,
(4) E[t] is polar semi-reflexive and pseudosaturated.
6. Answers to questions in [10]
Questions 1 and 2. Theorem 3 of [10] says that if E[t] is P–vK-reflexive and E′[τc]
quasi-complete, then E[t] satisfies the (CC) property and is a kσ -space. Question 1 asks if
quasi-completeness above is superfluous. Several authors, among them [10] and [12], have
shown that P–vK duality implies (CC), thus Question 1 collapses with Question 2 of [10]
which asks whether P–vK duality implies the kγ -group (kσ -space) property. The answer is
not always: In Example 5 of [12] it is constructed a P–vK reflexive space which is not a
kσ -space.
Question 3. This question asks whether (CC) implies polar semi-reflexivity. Again, the an-
swer to this question is not always: Let E[t] be a P–vK-reflexive space of the form Cp(X),
the vector space of real-valued continuous functions of X equipped with the topology of
pointwise convergence, with X nondiscrete (see Example 3.11 of [14]). Obviously E[t]
satisfies the (CC) property. On the other hand, if W := [−1,1]X ∩Cp(X), then W is dense
in [−1,1]X which is compact; thus W is precompact. However the closure of W in Cp(X)
cannot be compact since X is not discrete.
Question 4. We say that E[t] satisfies Ascoli if every τc-compact subset of E′ is equicon-
tinuous. Since Ascoli and (D2) are equivalent properties [10, Lemma 5], it follows that
(E, t) is P–vK-reflexive if and only if E[t] satisfies both Ascoli and (CC) [10, Theo-
rem 1]. Recall that a locally convex space E[t] satisfies property (PD2) (as a group)
if t is given by the polars of the τpc-precompact subsets of E′. Then both polar semi-
reflexivity and (PD2) hold if and only if polar-reflexivity holds [18, §23 9]. It readily
follows that (PD2) ⇒ Ascoli whenever E[t] is quasi-complete [15, p. 235], and Ascoli
⇒ (PD2) if E′ is τc- or τpc-quasi-complete. Question 4 of [10] asks whether (PD2) is
equivalent to Ascoli. The answer again is “not always.” Denote by L(X) the dual space
of the space Cp(X) considered in Question 3 equipped with the compact open topology.
We will see first that if E[t] = L(X), then E′[τpc] = E′[τc] = Cp(X). Note that Cp(X)
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σ ⊆ τc ⊆ τpc ⊆ β(E′,E) := topology on E′ of uniform convergence on the t-bounded
(= σ -bounded) subsets of E. By §3 of [14], the underlying space of L(X) can be identi-
fied with R(X), i.e., it has a vector-space base of cardinality |X|. By Lemma 8.8.4 of [16],
σ = β on RX , thus E′[τpc] = E′[τc] = Cp(X), as required. Question 4 can now be an-
swered: W as in Question 3 is clearly a precompact subset of E′[τpc] = Cp(X), but as
proven in Example 5 of [12] W ◦ /∈ t . Thus E[t] does not satisfy (PD2) although it satisfies
Ascoli since E[t] is P–vK-reflexive.
Question 5. It is proven in [10] that polar reflexivity implies P–vK duality. Question 5 of
[10] asks whether the converse holds. The answer is “not always”: If E[t] = Cp(X) as in
Question 3, then it does not satisfy polar reflexivity, since it does not satisfy polar semire-
flexivity: W above is a closed precompact subset of E[t] that is not relatively compact.
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